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Abstract
The development of efficient protocols for pure and mixed states prepa-
ration is challenging task. Most of the theory of quantum information
applications has been developed for fully coherent or completely incoher-
ent light. However, in many situations of interest partially coherent light
has been proved to be a more robust model of radiation. In this paper
the underpinning theory of two photon amplitude functions for down-
converted fields with partially coherent pump beams is investigated. By
using the generalised Siegert relations and the coherent mode representa-
tion of the cross spectral density matrix the two photon amplitude is fully
characterised for partially coherent beams. A number of correlation prop-
erties from modern coherence theory are demonstrated to be preserved
under parametric down-conversion. Based on the generalised Siegert re-
lations and the Cauchy-Schwarz inequality a measure of entanglement for
the two photon amplitude is proposed. Upper bounds for this measure are
found in terms of the golden ratio for maximally entangled states. Two
inequalities are derived for the two photon amplitude for which there exist
a transition zone from super-Poisson statistics to sub-Poisson statistics for
down-converted partially coherent fields.
1 Introduction
The two photon amplitude (TPA) plays a role of paramount importance in
the concept of quantum entanglement which has been largely recognized as a
fundamental property of the non linear phenomena known as parametric down
conversion (PDC) [1]. The widespread use of bi-photon generation techniques
and the improvement of coincidence detection of photons has led to the un-
derstanding of the entanglement of bipartite quantum systems as well as to
the implementation of efficient quantum information protocols. However in the
vast majority of investigations, the pump field is assumed to be coherent and
the strategy consists in tailoring the TPA to investigate changes in the spectral
properties of bipartite systems that can generate high dimensional entanglement
or lead to new entanglement schemes [2, 3, 4, 5, 6]. The aim of the present paper
is to include the correlation properties of the pump field in order to investigate
correlation-induced entanglement effects.
TPA shape manipulation has been investigated by two main approaches, by
changing the pump spectrum and by adjusting the phase matching conditions.
The angular spectrum of the pump laser, preserved it the two photon state,
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allows taking control of the transverse correlations by transferring the image
from the pump to the down-converted field citePhysRevA.57.3123. Focusing
a laser pump field has led to the evaluation of the correlation function in an
imaging system with two photon geometric optics effects by passing the laser
beam through a focusing lens before the down-conversion crystal [7]. Down-
converted photons have been used to investigate the effect of pump spectrum
and the various parameters of entangled-photon imaging systems on the imaging
resolution [8]. Entanglement enhancement has been investigated on the basis
of a judicious selection of eigenmodes in angular momentum entanglement [6].
The characterization of entanglement by determining an appropriate set of bi-
orthogonal mode pairs has been performed by using the Schmidt decomposition
of the TPA [9]. This approach has been used for engineering quantum correla-
tions by controlling spectral amplitudes [10]. The eigenvalues and eigenmodes
of the density matrix have been used to approximate the TPA by a bi-Gaussian
function and for calculating the Schmidt number [11].
The two photon state can be controlled by using transversely patterned
quasi-phase matching gratings to tailor the spatial mode function that describes
the state of photon pairs in PDC [12]. It has been shown that type-II down-
converted photons with broadband pump exhibit a continuous superposition of
two-photon states in which the probability amplitude for each state depends on
the pump bandwidth whose envelope function determines the range of pump
energies and the phase-matching function determines the energy spectrum [13].
In all the approaches mentioned above, the common characteristic is the
use of coherent sources from down-converted fields are obtained. An important
number of potential sources, namely, partially coherent sources have not been
included and only a few studies have put forward the connection between en-
tanglement and partial coherence. The mathematical theory of duality between
partial coherence and entanglement comprises the description of propagation,
diffraction and interference of bi-photon fields in optical linear systems [14].
Coherence properties of down-converted fields were investigated in terms of the
physical properties of a coherent pump beam [15]. In this connection, recently
it was proved that down-converted photons retain the coherence properties of
the pump field and the maximum entanglement is bounded by the degree of
spatial coherence [16]. With the development of modern coherence theory, in
the last decade a number of results and techniques have been established that
brings deep insight into the concepts of coherence and polarisation expressed
through the cross spectral density matrix [17, 18, 19, 20, 21, 22, 22, 23, 24, 25].
In the present paper theoretical implications of correlation-induced entan-
glement effects, i.e., tailoring the TPA photon amplitude with partially coherent
fields on bipartite partially entangled systems, are investigated. The paper is
organized as follows. In section 2 it is demonstrated that the coherence proper-
ties of partially coherent pump fields are preserved in the two photon entangled
fields. In section 3 the cross spectral density operator is introduced. The ex-
pected value of this operator is related to the two photon amplitude trough the
kernel of the one photon amplitude. In section 4 an extension to the measure of
entangled states proposed in [26] is established for the TPA of partially coherent
fields that satisfies the Siegert relation. Under this formalism it is found that
maximally entangled states have an upper bound given by the golden ratio. An
important consequence is that entanglement beyond the golden ratio implies the
violation of the Cauchy-Schwarz inequalities for maximally entangled states and
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a transition from super-Poisson statistics to sub-Poisson is involved. Finally, in
section 5 conclusions are presented.
2 Coupling of partially coherent down-converted
fields
The TPA contains all the information of the down converted fields field at the
moment of birth inside the non-linear material. The correlation time of the
pump field was believed to play no role in the two photon second order corre-
lations, fundamentally because in Mandel’s original derivation the bandwidth
was taken to be zero and in part because the concepts of partial coherence in
the space frequency domain was not fully developed. Note that Wolf’s theory
of partial coherence in the space frequency domain was published a year later
than Mandel’s theory, in 1986 [1, 27]. In the vast majority of investigations
concerned with two photon systems, the pump beam is assumed to be coherent.
If the pump is partially coherent the two-photon field operator depends on the
interaction time, the representation of the classical field and the non linear prop-
erties of the crystal. The expected value of the field operator depends on both
the expected value of the quantum field operator and the cross spectral den-
sity matrix. Partially coherent fields pertain to a large class of electromagnetic
sources that obey super-Poisson statistics although not fully unbiased, they are
often referred to thermal fields.
Among the large class of partially coherent sources, here we are interested in
partially coherent fields for which the fourth order correlation function Γ(2)(r1, r2)
can be expressed through the second order correlation function, i. e. those for
which the Siegert relation holds [28]
Γ(2)(r1, r2) = Γ
(1)(r1, r1)Γ
(1)(r2, r2) + |Γ(1)(r1, r1)|2. (1)
With this relations the fourth order correlation functions are characterised
in terms of second order correlation functions.
In the following the down-conversion of photons from the partially coherent
pump field will be analysed following Mandel’s original derivation [1] within the
time where the interaction takes place. The analysis is valid for non-degenerate
type I and type II SPDC. Consider an electromagnetic field Vl(r, t) entering a
dielectric non linear crystal with bilinear susceptibility χ, the Hamiltonian of
the system is
H =
1
2
∫
D
χijlUˆi(r, t)Uˆj(r, t)Vl(r0, t)dr, (2)
where D is the spatial domain where the interaction of light and the crystal
takes place and Vl(r0, t) = Vle
[i(k0·r0−ω(k0)t)] is a member of the classical pump
field ensemble of realizations with average frequency ω0. The quantized field is
given by
Uˆ(r, t) =
1
L3/2
∫
D
εksaˆ
†
k(k, t)e
i(k·r)dk, (3)
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where aˆ†(k, t) is the field creation operator of the mode k, εks is a unit polari-
sation vector depending on the wavevector k, s = 1, 2 is the polarization index
and r spans the transverse plane perpendicular to the propagation axis. The
Hamiltonian is then given by
Hˆ =
∫
D
∫ ∫
χijlaˆ
†
ksaˆ
†
k′s′Vl(r0, t)ε
∗
ksiε
∗
k′s′j
ei[(k0−k−k
′)r−ω(k0)t]drdkdk′. (4)
By defining Aˆ = 1/L3/2aˆeiω(k)t the Heisenberg equations of motion can be
written as follows
˙ˆ
A =
1
i~L3
∫
D
∫ ∫
χijlks,k′s′Aˆ
†
k′s′Vl(r0, t) (5)
ei[(k0−k−k
′)·r]e−i[(ω(k0)−ω(k)−ω(k
′))t]drdkdk′,
where ksi,k′s′j represents the unit polarisation vector. In order to determine
the field mode the Heisenberg equations of motion must be integrated over the
interaction time ∆t. If the pump field is considered coherent with a coherence
time of the order of microseconds and since the interaction time is typically
a fraction of a nanosecond the time integral is straightforward and yields the
familiar sinc function, whose argument contains the phase matching conditions,
of the frequency and the interaction time. In the case of partially coherent
sources the situation is different. The values of temporal coherence ranges from
a few to hundreds of femtoseconds for partially coherent sources and fractions
of nanoseconds for multimode lasers. With the development of the modern co-
herence theory [29], an important number of sources with prescribed properties
of coherence has been put forward so that the range of temporal coherences
available under the time integration is non negligible. Hence the integration
over time is expressed as follows
Aˆ =
1
i~L3
∫
δt
∫
D
∫ ∫
χijlAˆ
†
ksTij(ks,k
′s′)Vl(r0, t′) (6)
ei[(k0−k−k
′)·r]e−i[(ω(k0)−ω(k)−ω(k
′))t′)]drdkdk′dt′.
It is convenient to express this integral as follows
Aˆ =
1
i~L3
∫ ∫ [ ∫
δt
Vl(r, t
′)e−i[ω(k0)−ω(k)−ω(k
′)]t′dt′
][ ∫
D
Aˆ†kse
−i[k0−k−k′]rdr
]
χijlTij(ks,k
′s′)dkdk′, (7)
where δt corresponds the interaction time. If the pump field is partially coherent
the contributions to the response operator of down-converted light at point r and
time t resulting from the creation operator will be affected by the correlations
of the input beam within the non-linear material. To show how this happen,
consider the operator
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U(r, t) = Ufree(r, t) +
∫
AˆksV˜ (r, ω)F (k, s, r, t)dk, (8)
where Ufree is the field operator in the absence of any interaction, V˜ (r, ω) is
the Fourier spectrum of the input field within the interaction interval δt
V˜ (r, ω) =
∫ t0+δt
t0
Vl(r, t)e
−i[ω(k0)−ω(k)−ω(k′)]tdt, (9)
,
Aˆks =
∫
Aˆ†kse
−i[k0−k−k′]rdr, (10)
and F (k, s, r, t) is given by
F (k, s, r, t) =
1
i~L3
∫ ∫
χijlTij(ks,k
′s′)dkdk′. (11)
It was pointed out in the previous section that, by virtue of the Siegert re-
lation Γ(2)(r1, r2) = Γ
(1)(r1, r1)Γ
(1)(r2, r2) + |Γ(1)(r1, r1)|2, the fourth order
correlation function of partially coherent beams is fully described by the second
order correlation function. From the present analysis is clear that the averaged
measure of light intensity, at points (r1, t) and (r2, t) for t > δt, is given by
Γ(2)(r1, r2) = 〈U†(r1, t)U†(r2, t)U(r2, t)U(r1, t)〉, therefore it is fully charac-
terised by the second order correlation function given by
Γ(1)(r1, r2;ω) =
∫
k
∫
k′
〈Aˆ†ksAˆk′s′〉〈V˜ ∗(r1, ω)V˜ (r2, ω)〉
F ∗(k, s,k′, s′, r1, t)F (k, s,k′, s′, r2, t) dkdk′. (12)
The first term in the integrand governs the quantum system of down converted
photons, it depends on the vacuum expectation value of the boson operators
during the interaction time and the phase matching conditions. The second
term, recognised as the cross spectral density function of an electromagnetic
field, is the correlation function that governs the spatial coherence properties
of the classical pump field at frequency ω. Therefore the expected value of the
two photon amplitude contains the information about both the down converted
photons and the classical correlation properties of the pump field. This result
reveals the dual world to which down-converted photons belongs, when the
pump field is partially coherent the contribution to the two photon amplitude
is much richer than the previous case. We shall see in the next section that
in order to quantify the effect of field correlations in down-converted photons
the cross spectral density matrix can be conveniently expressed as a density
operator allowing the evaluation of the second order correlation function.
3 The cross spectral density operator
It is well known that the second order correlation function satisfies the Wolf
equations and the Helmholtz equation. The Wolf equations have a quantum
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counterpart whose solution are the TPA; as a consequence the fourth order cor-
relation function also satisfies the Helmholtz equation [28]. This remarkable
result constitutes a further demonstration of the duality between two photon
systems and partially coherent fields. These equations posses identical math-
ematical structure in both position and Fourier space, besides both share the
hallmark of quantum-optical systems namely, linearity. The solutions are there-
fore connected and describe mathematically equivalent physical phenomena.
The second order coherence function represents the oscillatory behaviour of
partially coherent light in propagation and diffraction. The two photon am-
plitude represents the probability amplitude of oscillation modes in the system
of down-converted photons. Therefore the two photon Wolf equations imply
that the TPA admits a modal representation in terms of the eigenvalues and
eigenvectors of the second order correlation function.
Despite of this compatibility further clarification is necessary. The second
order correlation function and the cross spectral density function are correlation
functions with analogous mathematical definition, however do not describe the
same optical phenomena. The Young interference experiment reveals the field
source correlations at the plane of interference. The mathematical description of
the interference pattern involves two types of coordinates, i.e., the intensity, in
terms of coordinates from the plane of interference, is weighted by the degree of
coherence in terms of coordinates from the source plane. This subtle distinction
reveals the nature of the coherence functions as source correlation functions. The
degree of coherence does not provide any information of correlations that may
occur at the interference plane, where the light is detected. The second order
correlation function describes correlations of arrivals, i.e., detection correlations
and the same holds for the fourth order correlation function. In this regard do
not contain information about correlations at the source plane because they are
in terms of photon counting statistics. For the sake of comparison it is possible
to calculate the degree of coherence at the interference plane, the result is that in
general is different from the source. The same holds in the other case, intensity
correlations can be measured at the source plane but in general these will not
be equal to the measurements at the detection plane.
In the following we proceed to elucidate the connection between the second
order correlation function and the cross spectral density matrix in the context
of spontaneous parametric down conversion for partially coherent light. One
of the most important results in vector coherence theory states that when the
cross-spectral density (CSD) matrix satisfies square integrability:
∫ ∫
D
Tr
[
W†(r1, r2;ω)W(r1, r2;ω)
]
dr1dr2 <∞, (13)
hermitian symmetry:
W†(r1, r2;ω) = W(r2, r1;ω), (14)
and is non-negative definite:
∫ ∫
D
f(x1)W(r1, r2;ω)f(x2)dr1dr2 ≥ 0, (15)
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where f(r) is an arbitrary row matrix, hence the CSD becomes a Hilbert-Schmidt
operator. This is an important result because the CSD functions can be ex-
panded in Mercer’s series [30, 31]
W(r1, r2;ω) =
∑
n
ΛnΦ
†
n(r1)⊗Φn(r2), (16)
where coefficients Λn are the eigenvalues and Φn(r) = [ϕn,i(r)] are the eigen-
vectors of the Fredholm integral equation given by
∫
D
Φn(r1)W(r1, r2;ω)dr1dr2 = ΛnΦn(r2). (17)
Because of relations (13), (14) and (15) the eigenvalues Λn are real and non-
negative, and the eigenvectors Φn(r) are orthonormal. Therefore, decomposi-
tion (16) represents the cross spectral density matrix of any partially coherent
and partially polarised electromagnetic field as a superposition of completely
coherent completely polarised modes. The vector integral equation (17) repre-
sents a set of two coupled scalar integral equations whose kernel W(r1, r2;ω) is
for the general case unknown. However considerable simplification is obtained
when the kernel is diagonalised, in such a case the integral equations uncouple
and can be treated independently.
Solving the integral equation (17),for any particular case is not an easy
task. For those cases in which this can be achieved, a fundamental property
of Mercer’s series is that they are absolutely and uniformly convergent. The
eigenvalue distribution typically can involve a large number of elements, this fact
makes possible to express the mth-eigenvalue for the ith-component of matrix
(16) in terms of power series. By the central limit theorem, the expansion of
the mth-eigenvalue is of the form
Λm,i(λ) =
m∑
l=0
(−1)lλ
2l
i
l!
. (18)
The parameter λi, that satisfies 0 ≤ λi ≤ 1, depends on the ratio between the
effective width of the source σs and the correlation length σc in a functional
form determined by the particular type of source. The power series expansion
represents the contribution, per number of photons, of the mth-mode to the
coherence of the field. The second order correlation function expressed in terms
of the density operator ρˆ is given by
〈V˜ ∗i (r1;ω)V˜j(r2;ω)〉 =
∑
q
〈φq|ρˆV˜ ∗i (r1;ω)V˜j(r2;ω)|φq〉, (19)
where
ρˆ =
∞∑
n=0
Pn(α)|α〉〈α|. (20)
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Therefore the modal expansion determines uniquely the contribution of modes
per number of photons to the coherence of the field. The eigenvalue expansion in
the coherent mode representation is related to the coherent state representation
as follows
∑
q
〈φq|ρV˜ ∗i (r1;ω)V˜j(r2;ω)|φq〉 =
∞∑
m=0
m∑
k=0
(−1)k λ
2k
i
k!
φm,i(r1)φ
∗
m,i(r2). (21)
By using the photon number operator, which satisfies a†a|m〉 = m|m〉, it follows
from Eq. (21) that the cross spectral density operator, say µˆii, is given by
µˆii = e
−[aˆ†kiaˆkiIn(λi)]2 . (22)
Therefore, the expected value of the cross spectral density function is found to
be
Tr{ρˆµˆii} = e−(α2k+α4k)In(λi)2 . (23)
The density operator ρˆ is represented as a superposition of coherent states which
form an overcomplete basis but they are non orthogonal, the lack of orthogo-
nality of the coherent state representation also holds and is revealed by the fact
that the basis of the eigenvalues power expansion is also non-orthogonal. From
Eq. (23) it can be seen that if λ→ 1 the field is completely coherent and consists
of only one mode for a given number of photons, the corresponding CSD can
therefore be factorized. If λ→ 0 the field consists of a superposition of infinite
modes weighted by their corresponding eigenvalues and turns out to be incoher-
ent. The larger the number of modes, the smaller number of photons per mode
so that the corresponding CSD can no longer be factorized. In the more general
and realistic case, the pump field is partially coherent, the expected value is
then formed by a superposition of several modes and depending on the strength
of the eigenvalues, the number of photons per mode contribute with different
amounts to the field coherence. It is important to note that down-conversion
efficiency relies on the phase matching conditions, when these are fulfilled and
plane waves are used as pump, the sinc function attains its maximum value. If
the pump field is partially coherent this situation changes, Eq. (23) shows that
the expected value of the cross spectral density operator attains its maximum
value for a larger frequency range centred at the phase matching condition. As
a consequence maximum efficiency can be attained for partially coherent beams
for a given mean frequency of the pump beam.
In figure 1 we compare the contribution of the typical sinc function versus the
expected values of the CSD density operator. It can be seen that for completely
coherent fields the sinc function imposes a natural limit for which the states be-
come rather constrained. If partially coherent light is employed, this restriction
no longer appears and a number of new states are feasible. In particular for
incoherent fields, i.e., when λi → 0, the two photon amplitude approaches to
a delta function, the coherence properties can therefore be engineered a priori
opening new possibilities to attain maximally entangled states. In this regard
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Figure 1: Expected values of the cross spectral density operator for different
values of λ. Cohrent case λi → 1 is represented by large-dashed curve. Partially
coherent case λi = 0.5 is represented by medium-dashed curve. Incoherent case
λi → 0 is represented by short-dashed curve. For comparison, solid line is the
typical sinc function for the coherent case. In figure κ = k0 − k− k′.
a relationship between entanglement, the two photon amplitude and partially
coherent fields will be investigated in the next section.
Now some consequences of the inclusion of the correlation properties will be
shown. On substituting Eq. (23) into (24) the second order correlation function
is
Γ(1)(r1, r2;ω) =
∫∫
δkk′Tr{ρˆµˆii}F ∗(k, s,k′, s′, r1t)F (k, s,k′, s′, r2, t)dkdk′. (24)
The two photon amplitude now exhibits a more involved phenomenon. For
t > ∆t it describes the spectral contribution of coherence to the probability of
detecting one photon at r with frequency ω.
A CSD is called genuine if it satisfies the non negative definiteness condition
[32], this is a fundamental feature of all physically realizable correlation func-
tions. However not every correlation function associated with an electromag-
netic field satisfies this condition. A necessary and sufficient condition states
that a correlation function represents a genuine CSD if and only if it can be
formally expressed in the form [19, 20]
W(r1, r2;ω) =
∫ ∫
p(v1,v2)H
∗(r1,v1;ω)H(r2,v2;ω)dv1dv2. (25)
This important result in modern coherence theory states that the CSD pertains
to a class of functions in a reproducing kernel Hilbert space (RKHS) and satisfies
the reproducing property (17). Since both correlation functions in the integrand
of Eq. (24) satisfy the non negativity requirement, and because 〈A†kAk′〉 = δkk′ ,
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their product can be regarded as the product of two reproducing kernels in the
more general Hilbert space H = HQ ⊗ HS . Functions pertaining to the space
HQ are functions in the quantum ensemble of states and functions pertaining
to the space HS are functions of the statistical ensemble of realizations. By
the integral representation theorem for reproducing kernels [33], the product of
the correlation functions in the integrand of Eq. (24) is a reproducing kernel.
Therefore, on substituting Eq. (22) into Eq. (24) the function
Γ(1)(r1, r2;ω) =
∫∫
e−(α
2
k+α
4
k)In(λi)
2
F ∗(k, s, r1, t)F (k, s, r2, t)dk (26)
do satisfy the property (25) for v1 = v2 = k and indeed becomes a reproduc-
ing kernel. Hence the dual property of the quantum nature of down-conversion
process and classical correlations are contained in the new reproducing ker-
nel Hilbert space of the two photon amplitude. The two photon amplitude
Γ(2)(r1, r2;ω) contains all the information of the classical and quantum system
through the one photon amplitude Γ(1)(r1, r2;ω) which describes the joint con-
tribution of the classical correlation functions to the two photon amplitude of
down converted photons.
It could be tempting a decomposition of the TPA similar to Eq. (16), how-
ever, since the TPA in general is not hermitian, a Schmidt decomposition [34]
is possible instead. In the next section it will be shown that such a a decom-
position implies a link between partially coherent fields and non-classical fields,
i.e fields with super Poisson statistics and fields with sub- Poisson statistics.
4 Partially correlated fields and quantum entan-
glement
The results of the previous sections can be exploited to investigate the effect of
correlation properties of the pump beam on the two photon wave function. In
coherence theory two relationships between the eigenvalues and the properties
of the CSD matrix, namely
∫
Tr[W†(r1, r2;ω)W†(r1, r2;ω)]dr1dr2 =
∑
n
Λ2n, (27)
and
∫∫
Tr[W†(r, r;ω)]dr =
∑
n
Λn, (28)
lead to the definition of the effective degree of coherence [35, 36]
µeff =
∑
n Λ
2
n(∑
n Λn
)2 . (29)
This value represents a relative measure of coherence within a specific area.
Note that the term 1/
∑
Λn corresponds to the Schmidt number which is a
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measure of entanglement. The effective degree of coherence and the Schmidt
number seem to play equivalent role for coherence and entanglement. In the
present case, the effective degree of coherence (29) can be calculated from the
eigenvalue power expansion (18), substituting Eq. (18) into (29) the effective
degree of coherence is given by
µeff =
∑∞
n=0
(∑n
m=0(−1)m
λ2m
2m!
)2
(∑∞
n=0
∑n
m=0(−1)m
λ2m
2m!
)2 . (30)
In general the eigenvalues depend on the ratio λ =
σw
σc
and are determined
fundamentally by the analytic form of the CSD matrix. It is clear that for a
given genuine CSD this result shows the fact that there exist an effective number
of modes with a defined number of photons per mode as stated by Eq. (23).
It may be tempting to represent the TPA in the form (16), however the lack of
hermiticity imposes a rather strong condition for the implementation of a modal
expansion therefore the two photon system does not admit a coherent mode
representation but a Schmidt decomposition. The main distinction between
these decompositions relies in the fact that the two photon system Hilbert space
comprises the tensor product of Hilbert spaces of functions u,v ∈ HQ and
x,y ∈ HS . A pure bipartite system is given by
ξ = αx⊗ u + βy ⊗ v. (31)
In the Schmidt basis the density matrix of the system is given by [34]
ρ = ξξ† =
∑
i,j
cic
∗
jαuiu
†
j ⊗ viv†j , (32)
which can be expressed as the product of reduced density matrices of the form
(16). This implies that whereas non hermiticity of operators and non orthogo-
nality of bipartite system basis do not allow us to express Eq. (1) in the form
(16), the reduced density matrix admits a Mercer’s series provided hermiticity,
orthogonality and square integrability is fulfilled in each subsystem. An expan-
sion of the form (32) for entangled states of bipartite systems has been proposed
to express the system as the sum of a completely entangled states and a factor-
izable state [26]. In the same spirit and by taking into account that for partially
coherent fields the Siegert relations holds, we propose a Schmidt decomposition
for the TPA as the sum of a factorizable non entangled amplitude function plus
a completely entangled amplitude function of the form
Γ
(2)
E (r1, r2) =
√
MEΓ
1
e(r1, r2) +
√
1−M2EΓ1f (r1, r2), (33)
with the entangled component
Γ1e(r1, r2) = |Γ1(r1, r2)|2, (34)
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and the factorized component
Γ1f (r1, r2) = Γ
1(r1, r1)Γ
1(r2, r2). (35)
A measure of entanglement that characterizes such a bipartite system is then
given by ME ∈ C that satisfies 0 ≤ |ME | ≤ 1. The corresponding second order
correlation functions are related by the Cauchy-Schwarz inequality√
Me|Γ(1)(r1, r2)|2 ≤
√
1−M2eΓ(1)(r1, r1)Γ(1)(r2, r2). (36)
In order that this inequality holds, the inequality
√
Me ≤
√
1−M2e must also
hold, therefore the degree of entanglement is bounded between the interval
0 ≤Me ≤ (−1)±
√
5
2
. (37)
There are two values for which the inequality holds, one real and one complex,
interestingly they are in terms of the golden ratio φ =
1 +
√
5
2
. Since φ − 1 =
1
φ =
√
5− 1
2
in the real case the degree of entanglement satisfies
0 ≤Me ≤ 1
φ
, (38)
the negative solution, associated with the complex plane, implies that the com-
plex degree of entanglement, denoted by M˜e, satisfies
0 ≤ M˜e ≤ iφ. (39)
Beyond this bound, the Cauchy-Schwarz inequality no longer holds, conse-
quently the TPA may undergo changes in its statistics due to entanglement
effects. This remarkable result indicates that the degree of entanglement, within
its interval of definition, can lead to changes in bi-photon counting statistics.
It is interesting not only because there exists an upper bound for entanglement
but because establishes a threshold between entanglement and the violation of
the Cauchy-Schwarz inequality which is a key point for the anti-bunching effect.
The nature of entanglement can be enlightened further by characterising the
TPA in terms of the second order correlation functions. On substituting Eqs.
(33), (34) and (35) into Eq. (36) the following pair of inequalities are found
2
√
Me|Γ(1)(r1, r2)|2 ≤ Γ(2)(r1, r2) ≤ 2
√
1−M2eΓ(1)(r1, r1)Γ(1)(r2, r2). (40)
The violation of the Cauchy-Schwarz inequality is a necessary but not sufficient
condition for anti-bunching effects hence Me =
1
φ does not guarantee anti-
bunching. Specifically the sufficient condition implies that Γ(2)(r1, r2) < 1,
beyond this bound the statistics turns out to be sub-Poisson with a pump field
originally super-Poisson or Poisson in the coherent case. The value for which
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Figure 2: Proportion between the maximal entanglement (blue line) and mini-
mal entanglement (purple line). Region limited by parallel red lines represents
the transition zone, where Cauchy-Schwarz inequalities are violated, from super-
Poisson statistics for Me < φ
−1 to sub-Poisson statistics for Me >
√
3
2 .
this occurs is found to be Me >
√
3/2. Figure 2 illustrates the golden section
φ ≤Me ≤
√
3/2 where this transition phenomena arise.
This result states that, provided entanglement and coherence properties are
properly engineered, anti-bunching effects with partially coherent light are feasi-
ble since the fourth order correlation function admits a Schmidt decomposition
that can be carried out by means of the coherent-mode representation of the
second order correlation functions. It transpires that coherence properties of
electromagnetic fields can be used for tailoring the two photon amplitude for
quantum entanglement strategies and vice versa, quantum entanglement can be
used to manipulate the photon counting statistics of partially coherent down-
converted fields. In addition, the obtained result suggests that the non-genuine
correlation functions, those for which the non negativity condition (15) is not
satisfied, can be studied in connection with non-classical fields, i.e., those for
which anti-bunching effects occur, provided the appropriate statistics for pho-
ton counting events is selected. The presented results indicate that correlation
properties of the pump field introduces a new degree of freedom for tailoring
the two photon amplitude in entanglement applications, end moreover entan-
glement can be engineered to test transition states between super-Poisson to
sub-Poisson statistics.
5 Conclusions
We have shown that the coherence properties of the electromagnetic pump field
are preserved under parametric down-conversion. It was demonstrated that
the two photon amplitude contains full information about both quantum down-
converted photons and the classical correlation properties of the pump beam.
By using the coherent mode representation, the statistical nature of the CSD
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matrix has been transferred to a CSD operator whose expectation value allows
us to determine the shape of the TPA for a partially coherent pump field. The
relationship between the expected value and the kernel properties of the CSD
led to the deduction of the reproducing kernel property of the second order
correlation function. This property and the modal decomposition account for a
complete characterization of the TPA in terms of coherent modes. As a conse-
quence, by choosing appropriately an orthonormal basis of the pump beam, the
TPA can be shaped in terms of the number of modes resulting in a new strategy
for entanglement engineering. We put forward a measure of entanglement by
means of the TPA as a direct extension of the entanglement measure based on
states [26]. This measure allows us to establish upper bounds for the degree of
entanglement, the most important conclusion is that field correlations through
the modal decomposition can be deployed to tailoring the TPA and conversely
the degree of entanglement can be used to test the transition of fields obey-
ing super-Poisson statistics to sub-Poisson, therefore anti-bunching effects are
expected provided the appropriate correlation properties are engineered. The
presented results indicates that correlation properties of the pump field intro-
duce a new degree of freedom for down-converted fields. This results can be
useful in quantum communications and quantum information theory.
6 Acnowledgements
acknowledgments The authors acknowledge Sir Peter Knight, Stephen Barnett
and Neal Radwell for valuable comments and suggestions. M. A. Olvera grate-
fully acknowledges CONACYT for financial support under grant 232259.
References
[1] C. K. Hong and L. Mandel, “Theory of parametric frequency down conver-
sion of light,” Phys. Rev. A, vol. 31, pp. 2409–2418, Apr 1985.
[2] C. H. Monken, P. H. S. Ribeiro, and S. Pa´dua, “Transfer of angular spec-
trum and image formation in spontaneous parametric down-conversion,”
Phys. Rev. A, vol. 57, pp. 3123–3126, Apr 1998.
[3] M. H. Rubin, “Transverse correlation in optical spontaneous parametric
down-conversion,” Phys. Rev. A, vol. 54, pp. 5349–5360, Dec 1996.
[4] J. P. Torres, Y. Deyanova, L. Torner, and G. Molina-Terriza, “Preparation
of engineered two-photon entangled states for multidimensional quantum
information,” Phys. Rev. A, vol. 67, p. 052313, May 2003.
[5] C. K. Law and J. H. Eberly, “Analysis and interpretation of high transverse
entanglement in optical parametric down conversion,” Phys. Rev. Lett.,
vol. 92, p. 127903, Mar 2004.
[6] S. Franke-Arnold, S. M. Barnett, M. J. Padgett, and L. Allen, “Two-photon
entanglement of orbital angular momentum states,” Phys. Rev. A, vol. 65,
p. 033823, Feb 2002.
14
[7] T. B. Pittman, D. V. Strekalov, D. N. Klyshko, M. H. Rubin, A. V.
Sergienko, and Y. H. Shih, “Two-photon geometric optics,” Phys. Rev.
A, vol. 53, pp. 2804–2815, Apr 1996.
[8] A. F. Abouraddy, B. E. A. Saleh, A. V. Sergienko, and M. C. Teich,
“Entangled-photon fourier optics,” J. Opt. Soc. Am. B, vol. 19, pp. 1174–
1184, May 2002.
[9] C. K. Law, I. A. Walmsley, and J. H. Eberly, “Continuous frequency en-
tanglement: Effective finite hilbert space and entropy control,” Phys. Rev.
Lett., vol. 84, pp. 5304–5307, Jun 2000.
[10] K. B. A. B. U‘Ren and I. A. Walmsley, “Photon engineering for quantum
information processing,” Quantum Information and Computation, vol. 3,
p. 480, 2003.
[11] M. V. F. et al, “Gaussian modelling and schmidt modes of spdc biphoton
states,” J. Phys. B: At. Mol. Opt. Phys., vol. 42, p. 175503, 2009.
[12] J. P. Torres, A. Alexandrescu, S. Carrasco, and L. Torner, “Quasi-phase-
matching engineering for spatial control of entangled two-photon states,”
Opt. Lett., vol. 29, pp. 376–378, Feb 2004.
[13] W. P. Grice and I. A. Walmsley, “Spectral information and distinguisha-
bility in type-ii down-conversion with a broadband pump,” Phys. Rev. A,
vol. 56, pp. 1627–1634, Aug 1997.
[14] B. E. A. Saleh, A. F. Abouraddy, A. V. Sergienko, and M. C. Teich, “Du-
ality between partial coherence and partial entanglement,” Phys. Rev. A,
vol. 62, p. 043816, Sep 2000.
[15] A. Joobeur, B. E. A. Saleh, T. S. Larchuk, and M. C. Teich, “Coher-
ence properties of entangled light beams generated by parametric down-
conversion: Theory and experiment,” Phys. Rev. A, vol. 53, pp. 4360–4371,
Jun 1996.
[16] A. K. Jha and R. W. Boyd, “Spatial two-photon coherence of the entan-
gled field produced by down-conversion using a partially spatially coherent
pump beam,” Phys. Rev. A, vol. 81, p. 013828, Jan 2010.
[17] E. Wolf, Introduction to the Theory of Coherence and Polarization of Light.
Cambridge University Press, 2007.
[18] A. S. Ostrovsky, P. Mart´ınez-Vara, M. A. Olvera-Santamaria, and
G. Martinez-Niconoff”, Recent Research Developments in Optics, ch. Vector
coherence theory: An overview of basic concepts and definitions. Research
Signpost, 2009.
[19] F. Gori and M. Santarsiero, “Devising genuine spatial correlation func-
tions,” Opt. Lett., vol. 32, pp. 3531–3533, Dec 2007.
[20] F. G. et. al., “On genuine cross-spectral density matrices,” J. Opt. A: Pure
Appl. Opt., vol. 11, no. 8, p. 085706, 2009.
15
[21] J. Tervo, T. Setala, and A. Friberg, “Degree of coherence for electromag-
netic fields,” Opt. Express, vol. 11, pp. 1137–1143, May 2003.
[22] A. S. Ostrovsky, G. Mart´ınez-Niconoff, P. Mart´ınez-Vara, and M. A.
Olvera-Santamar´ıa, “The van cittert-zernike theorem for electromagnetic
fields,” Opt. Express, vol. 17, pp. 1746–1752, Feb 2009.
[23] A. S. Ostrovsky, G. Rodr´ıguez-Zurita, C. Meneses-Fabia´n, M. A. Olvera-
Santamar´ıa, and C. Rickenstorff-Parrao, “Experimental generating the par-
tially coherent and partially polarized electromagnetic source,” Opt. Ex-
press, vol. 18, pp. 12864–12871, Jun 2010.
[24] T. Shirai, O. Korotkova, and E. Wolf, “A method of generating electromag-
netic gaussian schell-model beams,” Journal of Optics A: Pure and Applied
Optics, vol. 7, no. 5, p. 232, 2005.
[25] Y. Chen, F. Wang, L. Liu, C. Zhao, Y. Cai, and O. Korotkova, “Generation
and propagation of a partially coherent vector beam with special correlation
functions,” Phys. Rev. A, vol. 89, p. 013801, Jan 2014.
[26] A. F. Abouraddy, B. E. A. Saleh, A. V. Sergienko, and M. C. Teich, “Degree
of entanglement for two qubits,” Phys. Rev. A, vol. 64, p. 050101, Oct 2001.
[27] E. Wolf, “New theory of partial coherence in the space-frequency domain.
part ii: Steady-state fields and higher-order correlations,” J. Opt. Soc. Am.
A, vol. 3, pp. 76–85, Jan 1986.
[28] B. E. A. Saleh, M. C. Teich, and A. V. Sergienko, “Wolf equations for
two-photon light,” Phys. Rev. Lett., vol. 94, p. 223601, Jun 2005.
[29] G. Gbur and T. Visser, “Chapter 5 - the structure of partially coherent
fields,” vol. 55 of Progress in Optics, pp. 285 – 341, Elsevier, 2010.
[30] F. Gori, M. Santarsiero, R. Simon, G. Piquero, R. Borghi, and G. Guattari,
“Coherent-mode decomposition of partially polarized, partially coherent
sources,” J. Opt. Soc. Am. A, vol. 20, pp. 78–84, Jan 2003.
[31] J. Tervo, T. Seta¨la¨, and A. T. Friberg, “Theory of partially coherent elec-
tromagnetic fields in the space–frequency domain,” J. Opt. Soc. Am. A,
vol. 21, pp. 2205–2215, Nov 2004.
[32] L. Mandel and E. Wolf, Optical Coherence and Quantum Optics. Cam-
bridge University Press, 1995. Cambridge Books Online.
[33] A. Berlinet and C. Thomas-Agnan, Reproducing kernel Hilbert spaces in
probability and statistics. Boston: Kluwer Academic, 2004.
[34] A. Peres, “Quantum Theory: Concepts and Methods,” American Journal
of Physics, vol. 63, no. 3, pp. 285+, 1995.
[35] P. Vahimaa and J. Tervo, “Unified measures for optical fields: degree of
polarization and effective degree of coherence,” Journal of Optics A: Pure
and Applied Optics, vol. 6, no. 3, p. S41, 2004.
16
[36] K. Blomstedt, T. Setala, and A. T. Friberg, “Effective degree of coherence:
general theory and application to electromagnetic fields,” Journal of Optics
A: Pure and Applied Optics, vol. 9, no. 10, p. 907, 2007.
17
